We construct the Nahm transform for Higgs bundles over a Riemann surface of genus at least 2 as hyperholomorphic connections on the total space of the tangent bundle of its dual Jacobian.
Introduction
Roughly speaking, Nahm transform is a nonlinear analogue of the Fourier transform, transforming anti-self-dual connections on the Euclidean R 4 which are invariant under a subgroup of translations Λ ⊂ R 4 into anti-self-dual connections on the dual Euclidean space (R 4 ) ∨ which are invariant under the dual subgroup of translations Λ ∨ ⊂ (R 4 ) ∨ . Although the construction is in principle well understood for any subgroup of translations Λ (see [13] for a survey), analytical details vary for each Λ. At the moment of writting, the only case that, to the authours' knowledge, has not been at all considered in the literature is the case Λ = R × Z 2 , related to doubly-periodic monopoles.
Particularly relevant to this paper is the case Λ = R 2 × Z 2 , Λ ∨ = Z 2 , considered by the second named author in [11, 12] and [1] . There, it was shown that Nahm transform provided a 1-1 correspondence between (singular) solutions of Hitchin's equations on a 2-dimensional torus T 2 and anti-self-dual connections on (T 2 ) ∨ × R 2 satisfying certain conditions at infinity which are equivalent to the existence of a holomorphic extention to (T 2 ) ∨ × S 2 ; here, (T 2 ) ∨ is used to denote the 2-dimensional torus dual to T 2 . The main goal of the present paper is to generalize the Nahm transform of solutions of Hitchin's equations on a 2dimensional torus T 2 to solutions of Hitchin's equations on a Riemann surface of genus g ≥ 2. More precisely, letting J ∨ denote the dual to the Jacobian of Σ we prove:
Main Theorem. The Nahm transform of an irreducible solution of rank at least 2 of Hitchin's equations over a Riemann surface Σ of genus g ≥ 2 is a Hermitian vector bundle E → J ∨ × H 0 (K Σ ) provided with a hyperholomorphic unitary connection ∇ which is without flat factors. Moreover, the holomorphic structure induced by ∇ on E with respect to a product complex structure on J ∨ × H 0 (K Σ ) extends to a holomorphic bundle over J ∨ × P(H 0 (K Σ ) ⊕ C).
The problem of characterizing the Nahm transform of solutions of Hitchin's equations has in fact a long history. It was initially suggested in García-Prada's PhD thesis [5, Section 4.4 ] that the Nahm transform of a unitary Hermitian-Einstein connection on Σ should be a Hermitian-Einstein connection on its Jacobian. More recently, Tejero Prieto considered the Nahm and Fourier-Mukai transforms for Riemann surfaces of high genus [15] . Also closely related to the present paper is Bonsdorff's Fourier-Mukai transform for stable Higgs bundles on Σ [2] . In fact our construction, done in Section 4, is the differential geometric analogue of the algebraic geometric construction of [2] , with the advantage of providing an additional piece of information: the existence of the hyperholomorphic connection without flat factors on J ∨ × H 0 (K Σ ). This connection and its curvature are explicitly given in Section 5.
Riemann surfaces, Jacobians and the Poincaré line bundle
Let Σ be a closed Riemann surface of genus g > 1, regarded as the closed, oriented (real) surface obtained from a regular 4g-gon ∆ (whose edges we label as
(where n = 0, 1, 2, p, q = 0, 1 and H p,q (Σ; C) stands for the Dolbeaut cohomology) which hold throughout the conformal class G. In particular
so that, fixing a basis ω 1 , ..., ω g for H 0 (K Σ ), de Rham's theorem shows that the 2g elements
where A i (ω j ) = ai ω j and B i (ω j ) = bi ω j determine an R-basis Λ for the vector space C g . Thus J = C g /Λ is a complex torus of dimension g, called the Jacobian of the Riemann surface Σ, and it clearly depends only on the conformal structure G on Σ.
Once we fix a basepoint p ∈ Σ, we may define Abel's map Ab p : Σ −→ J by:
where q p denotes integration along any piecewise smooth path joining p to q.
This (holomorphic) mapping can be naturally extended to a mapping of the group Div 0 (Σ) of degree zero divisors on Σ onto J:
By means of Riemann's bilinearity relations ([7, Ch. 2]), we realise that any such divisor which is mapped to 0 by Ab p is associated to a global meromorphic function, and thus J can be regarded as the quotient of Div 0 (Σ) modulo principal, degree-zero divisors:
That leads to an identification between J and Pic 0 (Σ), the Picard group of topologically trivial, holomorphic line bundles on Σ. Alternatively, a point in J can also be thought as a flat connection on the trivial line bundle C → Σ. Once and for all, we fix the standard flat metric on J and on Σ the metric induced by the Abel map Ab p .
Proposition 1. Given a spin structure on J, there exists a spin structure on Σ which is compatible with the Abel map Ab p : Σ ֒→ J.
Proof. The key point in this proposition is that a spin submanifold of a manifold endowed with a spin structure has a canonical spin structure once we choose a spin structure for its normal bundle [14, Ch. 2 2.15 ]. Since the normal bundle N Σ −→ Σ is oriented and spin, it is (differentiably) trivial whenever its (real) rank is at least three, which happens precisely when g > 2. In that case, it is obvious that we can endow N Σ with a spin structure, and therefore T Σ is assigned a spin structure compatible with that of J. As for the case g = 2, we remark that c 1 (J) = 0 whence
and therefore N Σ, regarded as an U 1 -bundle, is differentiably isomorphic to the inverse of the tangent bundle of Σ. Next we recall that a spin structure on a U 1 -bundle P on Σ is simply a bundle map P −→ P which restricts to the two-sheeted covering z −→ z 2 on each fibre. So, if P U1 (T Σ) is given by thě Cech cocycle
is aČech cocycle which determines a spin structure
We conclude that N Σ can always be given a spin structure.
Remark 2. In view of this proposition, and noticing that Σ is by construction (as long as p remains fixed) a Riemannian submanifold of J, we are able to see that the following relation holds for differential forms ϕ, ψ on J :
where the subscripts J and Σ of · are meant to emphasize which Clifford multiplication is being carried out.
A dual Jacobian J ∨ of Σ may be described in the following terms: to the maximal lattice Λ we associate the dual lattice
consisting of all linear functionals on C g that assume only integer values on Λ. The lattice Λ ∨ is easily seen to be maximal, so that the quotient J ∨ = (C g ) ∨ /Λ ∨ is also a complex g-torus.
Since J has trivial tangent bundle, any functional η ∈ (C g ) ∨ may be regarded as a flat connection 1-form on the trivial line bundle C → J; the induced topologically trivial, holomorphic line bundle on J is denoted by L η . Moreover, any such bundle is of the form L η for some η, and L η is isomorphic to L η ′ if and only if η and η ′ differ by an element of the dual lattice Λ ∨ ; cf. [4, Ch. 3] . Dually, any topologically trivial, holomorphic line bundle L −→ J ∨ is of the form L ξ for some ξ ∈ C g , and two such bundles are isomorphic precisely when the functionals from which they are constructed have the same image in J.
These remarks suggest the following construction : on the product J ×(C g ) ∨ ,
we let Λ ∨ act on the trivial line bundle C → J × (C g ) ∨ with product connection by the formula
The quotient of C by this action preserves the connection and defines a line bundle P −→ J × J ∨ with connection 1-form
in terms of dual, orthonormal real local coordinates ξ j of J and η j of J ∨ . This is called the Poincaré line bundle of J × J ∨ . Its remarkable feature is that it provides a duality data for topologically trivial, holomorphic line bundles between J and J ∨ , i.e.:
Notice that the curvature of the Poincaré connection (1) is given by
Choosing complex coordinates {γ k = ξ 2k−1 + iξ 2k } and {ρ k = η 2k−1 + iη 2k } with k = 1, . . . , g, as dual unitary bases for C g and (C g ) ∨ , respectively, we get:
In particular, Ω P is of type (1, 1) as a 2-form on J × J ∨ , and it induces a holomorphic structure on P. We also have that
and notice that (Ab p × 1 J ∨ ) * W 2 = 0 since Σ has complex dimension 1.
Our previous remark implies that Clifford multiplication by (Ab p ×1 J ∨ ) * Ω 2 P = (Ab p × 1 J ∨ ) * W 1 defines an endomorphism of the bundle of forms on Σ × J ∨ , just as Ω P ∧ Ω P · acts as an endomorphism on the bundle of forms on J × J ∨ , and thus
In what follows, K Σ will as usual denote the canonical bundle of Σ. Recall that the space of abelian differentials H 0 (K Σ ) has dimension g. The product J ∨ × H 0 (K Σ ) can be identified with the total space of the tangent bundle of J ∨ , and it is a hyperkähler manifold.
Higgs bundles and hyperholomorphic connections
Let E → Σ he a Hermitian vector bundle provided with a unitary connection ∇ and a Higgs field θ : E → E ⊗ K Σ . Hitchin's equations for ∇ and θ
where introduced in [9] as the dimensional reduction of the anti-self-duality equations from 4 to 2 dimensions, and have been studied extensively in the past two decades. Relevant to us is the fact that ∇ induces a holomorphic structure on the bundle E, so that the second equation simply says that the Higgs field is holomorphic with respect to the connection. The pair (E, θ) consisting of a holomorphic bundle E and a section θ ∈ H 0 (End(E) ⊗ K Σ ) is known as a Higgs bundle. The trivial Higgs bundle is the pair (O Σ , 0). A morphism between the Higgs bundles (E, θ) and (E ′ , θ ′ ) is simply a bundle morphism ϕ : E → E ′ such that the following diagram commutes:
of E is strictly greater than that of any of its proper Higgs subbundles; (E, θ) is called semistable if equality can occur, and polystable if it is the direct sum of stable Higgs bundles with the same slope.
We also may regard a Higgs bundle (E, θ) as a 2-term complex of coherent O Σ -modules:
This allows us to compute the hypercohomology H * (E). Below we will need the following vanishing theorem due to Hausel [8, Corollary 5.1.4]:
is a nontrivial stable Higgs bundle with zero slope, then both H 0 (E) and H 2 (E) vanish.
The fundamental result initially proved by Hitchin and generalized by other authors is the following:
is an irreducible solution of Hitchin's equations (4) on a complex vector bundle E, then the associated Higgs bundle is stable of degree zero. Conversely, to each stable Higgs bundle (E, θ) of degree zero, there corresponds an irreducible unitary connection ∇, unique up to gauge equivalence, which is compatible with the holomorphic structure of E and satisfies the first equation of (4) .
Finally, let V be a Hermitian vector bundle over hyperkähler manifold (X, {I, J, K}). A connection ∇ on V is said to be hyperholomorphic if its curvature F ∇ is of type (1, 1) with respect to any complex structure L induced by the hyperkähler structure. The Poincaré connection (1) is an example of a hyperholomorphic connection. It also is interesting to note that dim R X = 4, then a connection is anti-self-dual if and only if it is hyperholomorphic.
If X is compact, there is a natural action of SU 2 on cohomology, and ω ∈ H 2p (X; C) is fixed by this action iff ω ∈ H p,p L (X) for every induced complex structure L. However, the subspace H inv ⊂ H 2 (X; C) of SU 2 -invariant 2-forms is orthogonal to the 3-dimensional subspace generated by the Kähler forms ω I , ω J , ω K ([16, Lemma 2.1]). Therefore, every hyperholomorphic connection is Hermitian-Einstein with constant zero with respect to to any complex structure induced by the hyperkähler structure; in other words, a hyperholomorphic connection ∇ satisfies Λ L F ∇ = 0, where Λ L denotes contraction with the Kähler form associated with the complex structure L.
The transform
Let E = (E, θ) be a stable Higgs bundle over Σ of rank at least two, and let ∇ be the associated unitary connection, in the sense of Theorem 4. According to our previous remarks on the Poincaré bundle, given η ∈ J ∨ we have a topologically trivial, holomorphic line bundle L η | Σ → Σ. Now to each pair (η, σ) ∈ J ∨ × H 0 (K Σ ) there corresponds a Higgs bundle (E(η), θ (η,σ) ), where
where σ ∈ H 0 (K Σ ) is regarded as a map σ : O Σ → K Σ . Clearly, any such Higgs bundle is stable, since (E, θ) is. Furthermore, the degree of each E(η) is zero, since L η is topologically trivial.
The unitary connection associated to (E(η), θ (η,σ) ) is the tensor connection ∇ η = ∇ ⊗ 1 Lη + 1 E ⊗ η, and it is not difficult to see that, for each (η, σ) ∈ J ∨ × H 0 (K Σ ), the pair (∇ η , θ (η,σ) ) satisfy the Hitchin's equations (4) . Notice that ∂ ∇η yields the holomorphic structure of E(η). To simplify notation, we use ∂ η to denote ∂ ∇η .
With this in mind, we define a family of first order differential operators parameterized by J ∨ × H 0 (K Σ ) in the following manner:
where θ ∨ = iθ • Λ with Λ denoting the contraction with the Kähler form on Σ. More precisely, setting ψ 0 ∈ L 2 (E(η) ⊗ Λ 0 Σ ) and ψ 2 ∈ L 2 (E(η) ⊗ Λ 1,1 Σ ), one has:
Modulo the algebraic term θ (η,σ) − θ ∨ (η,σ) , the operator D (η,σ) is just the canonical Dirac operator of a Hermitian manifold; D (η,σ) is therefore is an elliptic differential operator for each choice of (η, σ). Proof. First notice that D (η,σ) unfolds as a three-term complex of vector spaces
coker D (η,σ) = H 1 (M (η,σ) ) .
Using Hodge theory, it can be shown that H q (M (η,σ) ) is canonically isomorphic to the hypercohomology H q of the twisted complex
see [10, Section 7] . Since for each (η, σ) ∈ J ∨ × H 0 (K Σ ) the Higgs bundle E(η, σ) is stable of slope zero, it follows from Proposition 3 that H 0 (E(η, σ)) and H 2 (E(η, σ)) vanish, hence ker D (η,σ) = 0.
We point out that we may fix a topological isomorphism
According to the usual index-theoretic machinery, the dimension coker D (η,σ) is constant along J ∨ ×H 0 (K Σ ), since ker D (η,σ) vanishes for each (η, σ). Therefore the assignment
defines a vector subbundle E of the trivial Hilbert bundle
whose direct sum with the trivial Hilbert bundle
we will denote by H. The rank of E is given by minus the index of the operator D (0,0) which in turn is equal to the index of the Dirac operator
being given by:
It is also important to observe that
where H 0 (θ (η,σ) ) : H 0 (E(η)) → H 0 (E(η) ⊗ K Σ ) and H 1 (θ (η,σ) ) : H 1 (E(η)) → H 1 (E(η) ⊗ K Σ ) are the maps induced by in cohomology; see the proof of [2, Proposition 3.1.11] and also [11] . Now let us denote by G (η,σ) the Green operator associated to laplacian D * (η,σ) D (η,σ) (i.e., a right inverse for D * (η,σ) D (η,σ) ). We are then able to define a family of operators
It is straightforward routine to check that P is a projector for E := coker D ֒→ H − . In other words, that each P (η,σ) is idempotent, selfadjoint, restricts to the identity on coker D (η,σ) and maps its orthogonal complement to zero. Hence,
Following our recipe, we form D ′ , and notice that
i.e., U = (u ⊗ 1) −1 defines a natural isomorphism coker D ′ (η,σ) → coker D (η,σ) which is independent of (η, σ) in the sense that dU = 0. Now the identities
as we wished to show.
Proposition 8. The Nahm transform is additive, i.e.:
It follows from this proposition that the Nahm transform is well defined for solutions of Hitchin's equations that are without flat factors, or equivalently for polystable Higgs bundles of zero slope and no rank one summands.
Proof. In fact, if E is the direct sum of the bundles E 1 , E 2 , it is fairly obvious that, under the decomposition:
as claimed. 
By our previous arguments, T (η,σ,t) is an injective Fredholm operator for each (η, σ, t) ∈ J ∨ × H 0 (K Σ ) × I, with the same index as D (η,σ) . So we have a complex vector bundle Therefore, E 0 coincides with the pullback of the bundle
by the obvious projection
A similar argument allows us to conclude that the transformed connection ∇ is also the pullback from a connection on the bundle (7) . The final claim follows from (6) and Serre duality.
In other words, the Nahm transform of an irreducible solution of Hitchin's equations with a vanishing Higgs field coincides with the pullback of a (necessarily nontrivial) extension of the Nahm transform in the sense of [15, Section 4] of (E, ∇) by (E ∨ , ∇ ∨ ).
Everything said so far is independent of the choice of a complex structure on J ∨ × H 0 (K Σ ). Now we fix a hyperkähler structure (I 1 , I 2 , I 3 ) on J ∨ × H 0 (K Σ ), such that I 1 is the product of a complex structure on J ∨ with a complex structure on H 0 (K Σ ). If g is even then 2 and I 3 can also be chosen to be products. If g is odd, then one can find product Proposition 10. The transformed connection is hyperholomorphic.
In particular, if g is even and the Higgs field vanishes, then the transformed connection is the pullback of a hyperholomorphic connection on J ∨ . Proof. One can think of the complex (5) as a monad (with trivial, infinite dimensional vector bundles) over the hyperkähler manifold J ∨ × H 0 (K Σ ), so that our transformed bundle is exactly the cohomology of this monad. Since the operators in (5) vary holomorphically with respect to any of the complex structures induced by the hyperkähler structure, we conclude from general theory (cf. [4, Section 3.1]) that E has a holomorphic structure with respect to each complex structure in J ∨ × H 0 (K Σ ), with which ∇ is compatible. Hence F b ∇ must be of type (1, 1) with respect to all complex structures.
Summing up the work done so far, we have proved the first part of our main theorem, namely that the Nahm transform of a solution of Hitchin's equations on a Riemann surface Σ is a Hermitian vector bundle over J ∨ ×H 0 (K Σ ) provided with an unitary connection which is a hyperholomorphic. The second part of the Main Thorem is proved below. Proposition 11. The holomorphic structure induced by ∇ on E with respect to a product complex structure extends to a holomorphic bundle over J ∨ × P(H 0 (K Σ ) ⊕ C).
Proof. Consider a product complex structure on J ∨ × H 0 (K Σ ), and let E denote the holomorphic vector bundle over J ∨ ×H 0 (K Σ ) given by the transformed bundle E provided by the holomorphic structure ∂ b ∇ . We must exhibit a holomorphic vector bundleÊ over J ∨ × P g such thatÊ| J ∨ ×C g ≃ E, where we have identified P(H 0 (K Σ ) ⊕ C) with P g and H 0 (K Σ ) with C g , the big open cell in P g . Following Bonsdorff [2] , we fix a basis of sections z 0 , ..., z g of H 0 (O P g (1)) or, in more pedestrian terms, homogeneous coordinates for P g , where H 0 (K Σ ) corresponds to the affine space z 0 = 0. Let then {σ 1 , ..., σ g } be a basis of holomorphic 1-forms on Σ, and define the Higgs field It then follows that the assignment
provides a holomorphic extensionÊ of E to J ∨ × P g . Indeed, H 0 E (η,[0:z1:···:zg]) can be identified with global, holomorphic sections of the kernel of the bundle morphism
Since σ = g k=1 z k σ k is nontrivial and vanishes only at finitely many points, we conclude that ker (1 ⊗ σ) is the zero sheaf, hence H 0 E (η,[0:z1:···:zg]) = 0. Now Serre duality allows us to identify 
Arguing as above, we conclude that H 2 E (η,[0:z1:···:zg ]) = 0.
Remark 12. Clearly, the Nahm transformed pair ( E, ∇) depends in principle on the choice of point p ∈ Σ, which fixes the Abel map. It would be interesting to analyse exactly how this dependence goes. One idea is to define an "universal" transformed bundle E → Σ×J ∨ ×H 0 (K Σ ), such that E| {p}×J ∨ ×H 0 (KΣ) coincides with the Nahm transform of (E, θ) induced by the point p.
Analytical properties of the transformed connection
Now let , denote the Hermitian inner product on H − , and let ψ 1 , ..., ψ n (n = rk( E)) be a local unitary frame for E. Recall that d denotes differentiation with respect to the parameters (η, σ). One can then express the entries of the curvature F b ∇ of ∇ as follows:
On the one hand
while on the other, we have P dψ i , ψ j = dψ i , ψ j and d 2 = 0, so that
We now come to a crucial point in our calculation:
Proposition 13. The algebraic operator:
acts as Clifford multiplication by Θ = (Ab p × 1 J ∨ ×H 0 (KΣ) ) * Ξ − 1 2 Ω P , where Ω P is the curvature of the Poincaré bundle P and Ξ is a 1-form on H 0 (K Σ ) (which we compute explicitly in the proof ).
and notice that
Let υ j be complex coordinates on the affine space H 0 (K Σ ), so that any holomorphic section σ of K Σ can be written as
is a fixed basis of H 0 (K Σ ). Since D * (0,0) clearly commutes with d, we obtain
where Ξ denotes the 1-form
Now recall that a complex vector bundle with connection (V, ∇) over a differentiable manifold X is said to be without flat factors (WFF for short) if there are no flat line bundles to split off of (V, ∇). Proposition 14. E, ∇ −→ J ∨ ×H 0 (K Σ ) is WFF, as is every bundle induced from E, ∇ by the obvious inclusion
Proof. Notice that if ψ ∈ Γ J ∨ ×H 0 (KΣ) ( E) is a flat section, then the identity dψ = DGD * dψ holds throughout J ∨ × H 0 (K Σ ) and therefore, if we write ψ as the sum of its (1, 0)-and (0, 1)-components ψ = ψ 1 + ψ 2 , we obtain = Θ · ψ 1 , GΘ · ψ 1 + Θ · dψ 2 , GΘ · ψ 2 = Θ 2 · ψ 1 , Gψ 1 + Θ 2 · dψ 2 , Gψ 2
where we have used the fact that the Green operator commutes with Clifford multiplication (cf. [3] ). Now, Θ 2 is the pullback of the form −2Ξ ∧ Ω P + 1 4 Ω P ∧ Ω P However, Ξ∧Ω P belongs to Λ 1 J ⊗Λ 1 J ∨ ⊗Λ 1 H 0 (KΣ) as a 3-form on J ×J ∨ ×H 0 (K Σ ), and therefore Clifford multiplication of an odd form on Σ by the pullback of Ξ∧Ω P to Σ×J ∨ yields an even form on Σ; since the Green operator G preserves type and forms even forms are orthogonal to odd forms, it follows that Θ 2 · ψ j , Gψ j = (Ab p × 1 J ∨ ) * W 1 · ψ j , Gψ j But (Ab p × 1 J ∨ ) * W 1 · takes (1, 0)-forms to (0, 1)-forms and conversely; we thus conclude that dψ = 0. This means that ψ is constant in J ∨ × H 0 (K Σ ) when we regard it as a mapping
as before, we see that ψ = 0 since D * (η,σ) (ψ) = 0 for all (η, σ) as it is assumed to be a section of the transformed bundle.
As for the induced bundles E σ −→ J ∨ , we point out that they are given by the kernel of the family J ∨ ∋ η −→ D *
(η,σ)
Assuming that ψ σ is a flat section of E σ , the same argument as above shows that ψ σ : J ∨ −→ L 2 p E ⊗ Λ 1,0 Σ ⊕ Λ 1,0 Σ ⊗ C is constant in J ∨ , and the identity D * (η,σ) (ψ σ ) − D * (0,σ) (ψ σ ) = (Ab p × 1 J ∨ ) * (−2πiη) · ψ σ again implies that ψ σ = 0.
We conclude the paper by carrying out our calculation of F b ∇ on a product complex structure one step further:
since (Ab p ×1 J ∨ ) * W 2 = 0 as we remarked earlier. In particular, we have checked explicitly that F b ∇ has type (1, 1) with respect to any product complex structure on J ∨ × H 0 (K Σ ).
